A 3D volume-preserving system is considered. The system differs by a small perturbation from an integrable one. In the phase space of the unperturbed system there are regions filled with closed phase trajectories, where the system has two independent first integrals. These regions are separated by a 2D separatrix passing through nondegenerate singular points. Far from the separatrix, the perturbed system has an adiabatic invariant. When a perturbed phase trajectory crosses the two-dimensional separatrix of the unperturbed system, this adiabatic invariant undergoes a quasi-random jump. The formula for this jump is obtained. If the geometry of the system allows for multiple separatrix crossings, the destruction of adiabatic invariance is possible, leading to chaotic behavior in the system. An example of such a system is given.
Introduction
Consider a divergence-free 3D vector field u smoothly depending on a small parameter ε: u = v (x) + εv 1 (x, ε), div v = div v 1 = 0. This field defines a volume-preserving system of ODE in R 3 :ẋ = v (x) + εv 1 (x, ε) (1.1)
For example, u may be a velocity field of a stationary incompressible fluid flow. In this case, trajectories of (1.1) give streamlines of the flow. We call the field v in (1.1) the unperturbed one, and the field v 1 is called the perturbation and supposed to be a smooth function of ε. System (1.1) at ε = 0 is called the unperturbed system. Assume that the unperturbed system is integrable: in its phase space there are regions filled with closed phase trajectories (see below). Let these regions be separated by 2-D separatrices containing non-degenerate singular points of the unperturbed system. In each region where the unperturbed trajectories are closed, the complete system (1.1) possesses an approximate integral called the adiabatic invariant. The adiabatic invariant is the flux of the perturbation through a surface spanning an unperturbed trajectory (see Appendix). The value of the adiabatic invariant on a perturbed trajectory is constant with the accuracy of order ∼ ε at time intervals ∼ ε −1 (the independent variable in (1.1) is called the time). However, if a perturbed trajectory crosses a separatrix of the unperturbed problem, the adiabatic invariant in a narrow neighbourhood of the separatrix changes along the trajectory by a value, in general, much greater than ε. In the paper, we obtain an asymptotic formula for this change of the adiabatic invariant.
As the main change occurs in a narrow neighbourhood of a separatrix, we shall call this change a jump of the adiabatic invariant at the separatrix crossing. This jump turns out to be very sensitive to a variation of initial conditions. Therefore, the jump is in a sense random. Accumulation of jumps at multiple separatrix crossings results in destruction of the adiabatic invariance (i.e. the adiabatic invariant changes by a value of order 1) and chaotic dynamics in the system.
The theory of jumps of adiabatic invariants at separatrix crossings is well-developed for Hamiltonian systems with one degree of freedom and the Hamiltonian depending on a slowly varying parameter [1, 2, 3] . In this theory, a Hamiltonian H = H (p, q, λ) is considered, with canonically conjugate variables (p, q), and λ = εt, 0 < ε ≪ 1. It is assumed that at any fixed λ, on the phase portrait of the system there are areas filled with closed trajectories, separated by separatrices. Due to slow variation of λ a phase point may cross a separatrix of the unperturbed (λ = const) problem. Far from the separatrices, the "action" variable of the unperturbed problem is an adiabatic invariant. As a perturbed trajectory crosses a narrow neighbourhood of a separatrix, the value of the adiabatic invariant on this trajectory undergoes a jump. A general formula for the value of this jump was obtained in [1, 2, 3] . Equations of motion in this problem have the form (1.1) with x = (p, q, λ). In the x-space the separatrices pass through a family of degenerate singular points. In the present paper, it is assumed that separatrices pass through non-degenerate singular points. Hence, the problems treated in [1, 2, 3] and the problem under consideration here cannot be reduced to one another.
In systems of the form (1.1) with non-degenerate singular points, jumps of the adiabatic invariant at a separatrix were first found in [4] (see also [5] ). An incompressible fluid flow inside of a sphere was considered. The velocity field of the flow differs by a small perturbation from a velocity field of an integrable flow with almost all streamlines closed. For a given perturbation, an adiabatic invariant can be constructed. All level surfaces of the adiabatic invariant cross the separatrix of the unperturbed flow. As a result of jumps of the adiabatic invariant at the separatrix, at arbitrarily small value of the perturbation the whole interior of the sphere is the region of chaotic advection (streamline chaos; for the concept of chaotic advection see, for example, [6] ).
In [7] , another stationary incompressible fluid flow in a sphere was considered, possessing similar properties. Almost all streamlines of the unperturbed flow are closed. Level surfaces of the adiabatic invariant that cross the separatrix, fill a part of the interior of the sphere. At arbitrarily small perturbation this part of the interior of the sphere is a region of streamline chaos. The remaining part of the interior is filled, up to a remainder of a small measure, with invariant tori of the system, streamlines quasi-periodically winding around these tori (in accordance with Kolmogorov-Arnold-Moser theory [8] ).
The phenomena found in [4, 7] were studied in [9, 10] , where the formulae for the jump of the adiabatic invariant were obtained.
Integrability of the unperturbed system in [4] is a consequence of the following two properties. 1) The system is reversible: there exists a plane P, such that reflection of the phase space w.r.t. this plane together with reversion of the time direction does not alter the system; 2) almost all phase trajectories cross P twice. Trajectories crossing the plane P twice, are symmetric w.r.t. P and, therefore, closed. Integrability of the unperturbed system in [7] is a consequence of invariance of the vector field w.r.t. rotation around a certain axis. In the present paper, it is assumed that like in [4] , integrability of the unperturbed system is due to its reversibility. The perturbation destroys this reversibility. This results in jumps of the adiabatic invariant at the separatrix. As an example, a problem of jumps of adiabatic invariant for an arbitrary linear in coordinates perturbation of the flow [4] is considered.
Unperturbed system
We assume that system (1.1) at ε = 0 satisfies the following conditions. a) The system is reversible: it is invariant under reflection of the phase space w.r.t. a certain plane P together with the change of the time direction (t → −t).
b) The system possesses a non-degenerate saddle singular point P 1 / ∈ P. The eigenvalues in P 1 are λ 1 , λ 2 , λ 3 with λ 1 < 0, λ 2 > λ 3 > 0, and due to the fact that the field v is divergence-free, λ 1 + λ 2 + λ 3 = 0.
c) Both incoming trajectories h 1 and h 2 and one of the outgoing trajectories s of the point P 1 cross the plane P.
Under these assumptions, there exists a surface S containing the trajectory s and filled with outgoing trajectories of P 1 crossing P. We shall call surface S the separatrix of the unperturbed system. From assumptions a)-c), it also follows that there exists another singular point P 2 of the system, symmetric to P 1 w.r.t. the plane P. The points P 1 and P 2 are connected by trajectories lying on the separatrix and the trajectories
The separatrix of the unperturbed system S crosses the plane P along a curve σ (see Figure 1 ). Consider a point X 0 on P close to the curve σ, X 0 / ∈ σ. A phase trajectory with initial conditions x (t 0 ) = X 0 remains close to S until comes close enough to P 2 . Here it deflects from S and comes closer to one of the two outgoing trajectories h 1 , h 2 . Then the trajectory remains close to h 1 (or h 2 ) and crosses P for the second time in a vicinity of the intersection of P and h 1 (correspondingly, h 2 ). It follows from the reversibility that the considered trajectory is a closed curve.
Thus, phase trajectories passing close to S and h 1 ∪ h 2 are closed curves. Therefore, in this region of the phase space the system possesses two independent integrals of motion I and J . Each trajectory of the system can be defined by values of I(x), J (x) on this trajectory. Functions I and J may be chosen in various ways. For example, one can take the two coordinates of the intersection of the trajectory and P near σ in some coordinate system on P.
In terms of the integrals I, J the unperturbed system can be expressed in the following form (so-called Nambu system [11] ):
where µ (x) is a certain scalar function of coordinates, and the square brackets denote the vector product. The following is valid: Proposition 1. Along a phase trajectory of the unperturbed system µ (x) = const. The proof see in Appendix.
The averaged system
Let I, J be two independent integrals of the unperturbed system. Their joint level I = i, J = j defines a closed unperturbed phase trajectory Γ i,j . Introduce on Γ i,j an angular variable θ mod 2π changing at a constant velocity in the unperturbed motion.
Under the perturbation in (1.1), the values i, j change at a rate of order ε in the motion along a perturbed trajectory. In terms of the variables i, j, θ the perturbed system (1.1) can be written as:
where functions f , g, l are 2π-periodic in θ. In (3.1) the variables i, j are "slow", and the variable θ is "fast". Define the averaged system:
where functions F and G are obtained by averaging of f and g correspondingly over θ. Hence,
is the period of the unperturbed motion along Γ i,j , parentheses denote the scalar product, and the integration is performed along Γ i,j . Far from the separatrix, solution of the averaged system describes variation of i, j in the complete system (1.1) with the accuracy of order ε on time intervals of order ε −1 [12, 13] .
As it was noted above, the integrals of the unperturbed system can be chosen in various ways. In the sequel, we choose I so that it vanishes on the separatrix and, hence, on the trajectories h 1 , h 2 : I | S = 0, I | h 1 ∪h 2 = 0. Consider a closed unperturbed trajectory Γ i,j where I = i, J = j and the "singular" contour Γ 0,j where I = 0, J = j. The contour Γ 0,j consists of one of the trajectories h 1 , h 2 and the trajectory s j belonging to the separatrix and defined by the value of J (see Figure 1) . Consider a surface Σ with boundaries Γ 0,j and Γ i,j . Denote by ∼ Φ (i, j) the flux of the perturbation field w across Σ:
where dΣ is an area element on Σ and n is a unit normal on Σ directed according to the direction of the angular velocity of the unperturbed motion along Γ 0,j . As system (1.1) is volume-preserving, the value of ∼ Φ (i, j) does not depend on the choice of Σ, and is defined only by its boundaries Γ 0,j and Γ i,j , i.e. by i, j.
Let A be a vector potential of the perturbation w: rotA = w, well-defined in a vicinity of the separatrix. Introduce the following notation:
where the integration is performed along the unperturbed trajectory s j and ds is a length element on s j . Define the function Φ (i, j):
Proposition 2. The averaged system (3.2) has the form:
The proof see in Appendix. Thus, the averaged system is a Hamiltonian system with the volume form µT dj ∧ di and the Hamiltonian function Φ(i, j). In particular, it follows that Φ(i, j) is an integral of the averaged system. On the separatrix (at i = 0) the averaged system is not defined, but the function Φ(i, j) can be defined so that it is continuous: Φ(0, j) = Φ 0 s (j). Far from the separatrix, the function Φ is an approximate integral of motion of the complete system (1.1), i.e. Φ is the adiabatic invariant of (1.1).
4.
Asymptotic formula for the adiabatic invariant near the separatrix
In this section we obtain an asymptotic expression of Φ in a neighbourhood of the "singular" contour h k ∪ s j , k = 1, 2. The consideration is valid both for h 1 and h 2 , and we omit the superscript at h.
In accordance with [14] , in a neighbourhood U of the point P 1 a smooth coordinate transformation exists such that in the new coordinates x 1 , x 2 , x 3 the unperturbed system is linear:ẋ
(4.1)
In these coordinates the unperturbed system has the integrals
A trajectory of the unperturbed system passing through U at x 2 < 0 (such a trajectory crosses the plane P) can be defined by the values i, j. We shall denote this trajectory by
Consider such a solution of the unperturbed system that its trajectory coincides with the incoming trajectory h of the saddle point P 1 . We denote this solution by h(t). Linearizing the unperturbed system near its solution h(t), we obtain:
The solution of the unperturbed system X(t) near h(t) in the leading approximation can be represented as
where χ(t) is a solution of (4.3). Introduce three basis solutions of (4.3), defined by their asymptotics as t → +∞. In this limit, system (4.3) coincides with the unperturbed system linearized in P 1 . In the coordinates x i , the three basis solutions can be chosen as χ i (t), i = 1, 2, 3 where
As t → +∞, the asymptotics of h(t) is c 1 χ 1 (t). In the sequel, we assume that |c 1 | = 1; this determines the position of h(0) on the trajectory h. Near h the solution X(t) in the leading approximation is
where c 2 , c 3 are constants. If the trajectory of X(t) is Γ i,j , then from (4.2), (4.6) we have
. Nearby the separatrix the considered solution X(t) is close to a solution s(t) whose trajectory belongs to the separatrix. In the same way as it was done near h(t), we linearize the unperturbed system near the solution s(t). As the basis solutions of the linearized system, we take solutions ψ i , i = 1, 2, 3 defined by their asymptotics as t → −∞:
As t → −∞, the asymptotics of s(t) is d 2 ψ 2 (t)+d 3 ψ 3 (t), where d i are constants. Thus, we may assume that near the separatrix the solution X(t) in the leading approximation has the form
Without loss of generality we put d 2 < 0, d 3 = 1. Considering expression (4.8) for X(t) near the saddle point P 1 and using (4.2) we find:
We evaluate the flux of the perturbation w across a surface spanned between Γ i,j and the contour s ∪ h. Note that on Γ i,j we have |i| ≪ 1. Take δ 1 ≪ 1. Let t δ be such that h 1 (t δ ) = δ 1 (here h 1 (t) is the x 1 -coordinate of h(t)). We have t δ ≫ 1. Consider a segment connecting points h(t) and X(t). The union of such segments at all t from the interval (−t δ , t δ ) is a surface. For the flux of the perturbation w across this surface we have:
where (·, ·, ·) is the mixed product of three vectors. Expressing c 2 , c 3 in terms of i, j and retaining the main term at |i| ≪ 1, we arrive at:
Similarly, we find the flux of the perturbation w across a surface spanned between s and the part of Γ i,j close to the separatrix. From (4.8), (4.9) we find:
Thus, for the integral of the averaged system Φ(i, j) defined in (3.6) we have: 
In the limit as ∆j → 0, we find
Thus, for the integral of the averaged system Φ(i, j) at |i| ≪ 1 we obtain the asymptotic formula:
where Φ 0 s (j) is determined up to a constant by (4.14) and b = lim t δ →∞ b δ .
Variation of the slow variables under the perturbation
Phase trajectories of the perturbed system (1.1) near the contour h ∪ s are not closed curves as in the absence of the perturbation, but spirals. Consider a trajectory γ of the perturbed system (1.1) that crosses the separatrix S of the unperturbed problem. To be definite, assume that before crossing the separatrix the motion along γ occurs nearby the contour h 1 ∪ s, and after the crossing it occurs nearby the contour h 2 ∪ s. Assume also that the value of i at the separatrix crossing changes its sign from "minus" to "plus".
Consider
to receding from the separatrix. We also put n = m on the first of the points {M ′ n } that we reach after M m in the motion along γ. We shall call the segment of the trajectory γ between M n−1 and M n the n-th turn and denote it by γ n . We also denote by i n , j n and i 
To be definite, assume first that n > 1. We put c 1 = 1 and obtain:
Along the part of γ n between M n−1 and M ′ n−1 , situated near the separatrix, the coefficient d 1 (and, hence, i) changes under the perturbation in the main approximation by ε∆ s , ∆ s ∼ 1:
For the coefficient c ′ 3 we get:
Along the part of γ n between M ′ n−1 and M n , situated near h 2 , the coefficient c 3 changes under the perturbation in the main approximation by ε∆ h , ∆ h ∼ 1:
From (5.2, 5.3) we find:
Therefore, the main change in i occurs on the segment between M n−1 and M ′ n−1 . We evaluate ∆ s from the averaged system (3.7), taking into account (4.14) and (4.15):
The value of µ is constant along Γ 0,j , and it can be found from the unperturbed system linearized near P 1 and expressions (4.2) for i, j near P 1 . We get
Hence,
This expression is valid also for n < 0. In a similar way we find that the main change in j occurs along the part of the turn γ n close to h. We have:
The "plus" sign and the superscript (1) correspond to n < 0, the "minus" sign and the superscript (2) correspond to n > 1; b (k) = lim t δ →∞ b δ , where b δ is given by (4.11), and the integral in (4.11) is calculated along the solution h k (t), k = 1, 2. At n = 0, 1 we similarly obtain:
The "plus" sign and the superscript (1) correspond to n = 0, the "minus" sign and the superscript (2) correspond to n = 1. To estimate the errors in the latter expressions, we have assumed that C −1 ε < i 0 < εΘ(j 0 ) − C −1 ε, where C is a positive constant, which can be chosen arbitrarily large.
The formula for the change in the adiabatic invariant at the separatrix crossing
The change in the function Φ(i, j) along one turn of γ well away from the separatrix (at a distance of order 1 from it) is a value of order ε 2 , in correspondence with the fact that Φ(i, j) is an adiabatic invariant of the system. Hence, the total change in Φ over such turns is a value of order ε. Consequently, if there is a lower-order term in ε in the asymptotic expression for the total change in Φ, it is due to the turns lying near the separatrix. Therefore, the change in Φ(i, j) resulting from the separatrix crossing can be calculated in the leading approximation using (4.15), (5.8), (5.9), retaining only the leading terms in these expressions.
From (4.15) we obtain the expression for the value of Φ(i, j) at the point M n :
where Θ 0 = Θ(j 0 ), k = 1 if n ≤ 0, and k = 2 if n > 0. From (5.8), (5.9), (6.1) we find for the change in Φ(i, j) along the turn γ n (n = 1):
The total change in the adiabatic invariant before the separatrix crossing (up to the point M 0 ) is
whereĩ n = i 0 +nεΘ 0 and N is an integer of order 1/ε. The leading term in the asymptotic expression does not depend on the exact choice of N. The total change in the adiabatic invariant after the separatrix crossing (after the point M 1 ) is
For the change in Φ on the turn γ 1 (between the points M 0 and M 1 ) we have:
Summing up expressions (6.3), (6.4), (6.5), and taking into account (5.8), we find the total change in the adiabatic invariant due to the separatrix crossing:
Note that the error estimates in (6.3)-(6.6) are better, than in (6.2). This is due to adiabatic invariance of Φ, which results in cancellation of the error terms on different turns of the phase trajectory.
We now introduce dimensionless variable ξ = −i 0 /εΘ 0 ; obviously, ξ ∈ (0; 1). According to the above assumption, C −1 < ξ < 1 − C −1 , C is a positive constant. Changing the summation index in the first sum in (6.6), we obtain
(−ξ + n + 1)
The sums in (6.7) can be expressed in the form of an integral (cf. [9] ). Indeed, by definition of the gamma function,
Therefore,
Thus, for the total change in the adiabatic invariant we get
The second of the integrals in (6.8) can be calculated by parts. Introducing the notation
in the limit as N → ∞ we finally obtain the asymptotic formula for the total change in the adiabatic invariant due to the separatrix crossing:
The modulus of Θ 0 is used in (6.10) to ensure that this formula also gives the change in Φ at the separatrix crossing from i > 0 to i < 0. As it follows from (6.10), the change in the adiabatic invariant due to the separatrix crossing is much larger than the perturbation: ∆Φ ∼ ε −λ 3 /λ 1 ≫ ε. The integral in (6.10) is a function of ξ. This function has singularities of the form ξ λ 2 /λ 1 and (1 − ξ) λ 2 /λ 1 at the points ξ = 0 and ξ = 1, respectively.
The quantity ξ in (6.10) is a function of the initial conditions. A small change of order ε in the initial values of i, j produces in general a large change of order 1 in ξ. Hence, for small ε it is reasonable to treat ξ as a random value. Following [15, 3] , we determine its distribution. Let V δ be a sphere of radius δ, centered at the initial point of the trajectory γ. Assume that each point of this sphere is the initial point of a phase trajectory and calculate the magnitude of ξ on this trajectory. Denote by V We shall put by definition that the probability for ξ to fall into the interval (a, b) is
where the symbol vol(·) represents the standard volume in R 3 . It can be shown that P {ξ ∈ (a, b)} = b − a. The proof is based on calculation of phase fluxes through the intervals a ≤ ξ ≤ b and 0 ≤ ξ ≤ 1. The ratio of these fluxes equals b − a in the main approximation. On the other hand, our definition of the probability implies that this ratio coincides in the main approximation with the probability of the event ξ ∈ (a, b) .
Thus, ξ can be treated as a random value, distributed uniformly on the interval (0, 1). Correspondingly, ∆Φ is also treated as a random value, and its distribution is given by (6.10).
Denote by < ∆Φ > ξ the average of ∆Φ over ξ. This value is zero in the leading approximation. Indeed, we have
Integrating by parts, we find that the latter integral equals
. Substituting this expression into 1 0 ∆Φdξ, we find that in the main approximation < ∆Φ > ξ = 0.
The motion in the system looks as follows. Far from the separatrix, the projection of a phase point onto the plane (i, j) follows with the accuracy O(ε) the level surface of the integral of the averaged system (3.7) given by Φ = Φ − . As the phase point passes through a neighbourhood of the separatrix, the adiabatic invariant undergoes a quasirandom jump by a value of order ε −λ 3 /λ 1 . As a result, after crossing the separatrix and far enough from it the phase point follows another level surface Φ = Φ + . The value ∆Φ = Φ + − Φ − can be evaluated from the formula (6.10).
Let due to the geometric properties of the averaged system (3.7) a phase trajectory repeatedly cross the separatrix in the course of the evolution. Then after a certain long enough period of time the adiabatic invariance may be completely broken. This breakup produces in the phase space large (of measure ∼ 1) regions of chaotic dynamics at arbitrarily small values of ε. An example of such a system is considered in the next section.
7.
An example
As the unperturbed system, we take one introduced in [4] :
System (7.1) is of the class of the systems, considered in Section 2. The trajectories are symmetric w.r.t. the plane P : y = 0 (see Figure 2) . The singular point P 1 is at the northern pole of the sphere x 2 +y 2 +z 2 = 1. Eigenvalues at P 1 are:
The separatrix S is a part of the plane x = 0 (see below). The separatrix is filled with heteroclinic trajectories outgoing from P 1 and incoming in P 2 : x = z = 0, y = −1. There are two heteroclinic trajectories outgoing from P 2 and incoming in P 1 , namely
There is also the family of degenerate singular points forming the ellipse E : y = 0, 11x 2 + z 2 = 3. The unit sphere is an invariant surface of the system (7.1).
Within a certain domain F including the interior of the unit sphere x 2 + y 2 + z 2 = 1, all the trajectories of the system (7.1), except for the heteroclinic ones, are closed. Each trajectory is an intersection of level surfaces of the integrals I, J of the unperturbed system:
The system (7.1) can be represented as a Nambu system with µ = λ 3 = 2:
In the plane of the integrals (i, j) each trajectory of the system is represented by a point. Points where i = 0 correspond to trajectories lying on the separatrix. To determine the boundaries of the domain F filled with closed trajectories we note that each point of the ellipse E is a tangency of a level surface of I with a level surface of J . Therefore, at every given J = j a trajectory Γ i,j is closed if and only if |i| < |i max (j)|, i = 0, where i max (j) is a value of I at the points of intersection of the surface J = j and the ellipse E. It follows that the domain of closed trajectories of (7.1) can be represented in terms of i, j as a two-fold surface (see Figure 3) . For brevity, we denote it also by F . It is convenient to consider it as two-fold, because some points on the plane (i, j) correspond each to two different closed trajectories, one inside of the unit sphere and the other outside of it. The boundary ∂F of this surface is determined parametrically:
At the points x = ± 3/55 the boundary ∂F has cusps. In the (x, y, z)-space they correspond to the points where the stationary points filling the ellipse E change the type: at |x| > 3/55 these are points of the elliptic type, and at |x| < 3/55 these are points of the hyperbolic type. Points j = 0, |i| < 16/25 √ 5 ≈ 0.2862 correspond to closed trajectories lying on the unit sphere x 2 + y 2 + z 2 = 1. Consider a small linear in coordinates perturbation of (7.1):
Under the perturbation the values of i, j change along a perturbed trajectory at a rate of order ε. A segment of trajectory lying inside of the domain F of closed unperturbed trajectories, is a spiral whose turns are similar to the unperturbed trajectories (see Figure 4) . Such a segment, in general, many times crosses the separatrix S. Averaging over the fast rotation we obtain the averaged system of the form (3.7). The asymptotic formula for the adiabatic invariant at |i| ≪ 1 in accordance with (4.15) goes as follows:
It is convenient to calculate the coefficients b (1,2) using the explicit expression for J . We have:
Thus we find 
Here s j is the part of the contour Γ 0,j lying on the separatrix, and z m = sign(z) max s j |z|.
The averaged motion occurs in the (i, j)-space along the curves Φ(i, j) = const. On the boundary ∂F we have Φ(i, j) ≡ 0. Therefore, a trajectory of the averaged system that starts inside of F belongs to F .
In the exact system, the value of the adiabatic invariant Φ on a trajectory changes quasirandomly at every separatrix crossing. For the value of the jump ∆Φ in the main approximation from formula (6.10) we obtain:
where Θ 0 = Θ(j 0 ) and b = b (1) are given by (7.8), (7.9) and
The value of ∆Φ is a function of ξ. The plot of the co-factor in square brackets in (7.10) is shown in Figure 5 . Formula (7.10) was checked numerically in the case a 13 = −a 31 = 1, a 11 = −a 22 = 1/2, a 12 = a 21 = a 23 = a 32 = a 33 = 0. A good agreement was found between the formula and the results of numerial integration of the exact system (see Figure 6) .
Accumulation of quasirandom changes in Φ due to multiple separatrix crossings results in the diffusion of the adiabatic invariant and chaotization of motion in the system (see Figure 7) . Indeed, let us analyze statistical properties of the jumps of Φ. Let at two successive separatrix crossings the value ξ equals to ξ 1 and ξ 2 correspondingly. A variation of ξ 1 by a small value ∆ξ 1 reults in the change in ∆Φ of order ∼ ε 1/4 ∆ξ 1 . On the time interval ∼ ε −1 until the next separatrix crossing this change in ∆Φ produces a change in the phase of the motion ∼ ε −3/4 ∆ξ 1 . Therefore, ξ 2 changes by ∆ξ 2 ∼ ε −3/4 ∆ξ 1 , i.e. dξ 2 /dξ 1 ≫ 1. Hence, the values ξ 1 and ξ 2 can be considered as independent, and successive jumps of Φ can be considered as a random walk with steps ∼ ε 1/4 . After N separatrix crossings Φ changes by a value of order ∼ √ N · ε 1/4 . If N ∼ ε −1/2 , the adiabatic invariant changes by a value of order 1, and it takes the time ∼ ε −3/2 . In the time of the same order the trajectory of the exact system will leave the domain F of the finite motion in the unperturbed (both as in the averaged) systems and will go to infinity. Jumps of adiabatic invariant in system (7.1) under the perturbation (7.5) were studied in [9] in a particular case a 13 = −a 31 = 1, and all the other coefficients a kl equal to zero. Under this perturbation suggested in [4] , the surface of the unit sphere is invariant. It follows that in this case the coefficient b in the asymptotic expansion of Φ(i, j) at |i| ≪ 1 identically equals zero, and it is necessary to take into consideration the next term in the expansion. As a result, the jump of the adiabatic invariant turns out to be of a smaller order: ∆Φ ∼ ε 3/4 (see [9] , where the corresponding asymptotic formula for the jump is obtained). Using (3.2), (3.3), and (3.6), we obtain the first one of the equations (3.7). The second equation can be obtained similarly. 
